
Introduction to Graphs

CS 124 / Department of Computer Science

A sneak preview into some graph theory you'll see in CS 224
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If we can draw a graph on a 2D surface without having any edges cross 
we call such a graph planar.

K3

K4



Introduction to graphs

6

K3

K4 ?



Introduction to graphs

7

K3

K4
K4



Introduction to graphs

8

K3

K4
K4



Introduction to graphs

9

K5

Definitely not planar!



Introduction to graphs

10

A

B

C

D

E

F

A

B

C

D

E

F



Introduction to graphs

11

A

B

C

D

E

F

A

B

C

D

E

F



Introduction to graphs

12

A

B

C

D

E

F

A

B

C

D

E

F



Introduction to graphs

13

A

B

C

D

E

F

A

B

C

D

E

F



Introduction to graphs

14

A

B

C

D

E

F

A

B

C

D

E

F



Introduction to graphs

15

A

B

C

D

E

F

A

B

C

D

E

F

bipartite graph



Introduction to graphs

16

Jane

Luke

Pat

University of Michigan

Michigan State U

Kalamazoo College



Introduction to graphs

17

Jane

Luke

Pat

Peanuts

Shellfish

Strawberries



Introduction to graphs

18

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A

B

C

D

E

F

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

19

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A

B

C

D

E

F

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

20

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1

B 1

C 0

D 0

E 0

F 0

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

21

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1 1

B 1 0

C 0 0

D 0 1

E 0 0

F 0 0

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

22

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1 1 0

B 1 0 1

C 0 0 1

D 0 1 0

E 0 0 0

F 0 0 0

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

23

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1 1 0 0

B 1 0 1 1

C 0 0 1 0

D 0 1 0 0

E 0 0 0 1

F 0 0 0 0

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

24

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1 1 0 0 0

B 1 0 1 1 0

C 0 0 1 0 0

D 0 1 0 0 1

E 0 0 0 1 1

F 0 0 0 0 0

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

25

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1 1 0 0 0 0

B 1 0 1 1 0 0

C 0 0 1 0 0 1

D 0 1 0 0 1 0

E 0 0 0 1 1 1

F 0 0 0 0 0 0

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

26

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1 1 0 0 0 0 0

B 1 0 1 1 0 0 0

C 0 0 1 0 0 1 1

D 0 1 0 0 1 0 0

E 0 0 0 1 1 1 0

F 0 0 0 0 0 0 1

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

27

A

B

D

E

C

F

Incidence matrix

1 2 3 4 5 6 7 8

A 1 1 0 0 0 0 0 0

B 1 0 1 1 0 0 0 0

C 0 0 1 0 0 1 1 0

D 0 1 0 0 1 0 0 0

E 0 0 0 1 1 1 0 1

F 0 0 0 0 0 0 1 1

e1

e2

e3

e4

e5

e6
e7

e8



Introduction to graphs

28

Incidence matrix

1 2 3 4 5 6 7 8

A

B

C

D

E

F

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F



Introduction to graphs

29

Incidence matrix

1 2 3 4 5 6 7 8

A

B

C

D

E

F

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F



Introduction to graphs

30

Incidence matrix

1 2 3 4 5 6 7 8

A

B

C

D

E

F

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F



Introduction to graphs

31

Incidence matrix

1 2 3 4 5 6 7 8

A -1

B 1

C 0

D 0

E 0

F 0

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F



Introduction to graphs

32

Incidence matrix

1 2 3 4 5 6 7 8

A -1 1

B 1 0

C 0 0

D 0 -1

E 0 0

F 0 0

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F



Introduction to graphs

33

Incidence matrix

1 2 3 4 5 6 7 8

A -1 1 0

B 1 0 -1

C 0 0 1

D 0 -1 0

E 0 0 0

F 0 0 0

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F



Introduction to graphs

34

Incidence matrix

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F

1 2 3 4 5 6 7 8

A -1 1 0 0

B 1 0 -1 1

C 0 0 1 0

D 0 -1 0 0

E 0 0 0 -1

F 0 0 0 0



Introduction to graphs

35

Incidence matrix

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F

1 2 3 4 5 6 7 8

A -1 1 0 0 0

B 1 0 -1 1 0

C 0 0 1 0 0

D 0 -1 0 0 1

E 0 0 0 -1 -1

F 0 0 0 0 0



Introduction to graphs

36

Incidence matrix

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F

1 2 3 4 5 6 7 8

A -1 1 0 0 0 0

B 1 0 -1 1 0 0

C 0 0 1 0 0 -1

D 0 -1 0 0 1 0

E 0 0 0 -1 -1 1

F 0 0 0 0 0 0



Introduction to graphs

37

Incidence matrix

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F

1 2 3 4 5 6 7 8

A -1 1 0 0 0 0 0

B 1 0 -1 1 0 0 0

C 0 0 1 0 0 -1 -1

D 0 -1 0 0 1 0 0

E 0 0 0 -1 -1 1 0

F 0 0 0 0 0 0 1



Introduction to graphs

38

Incidence matrix

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F

1 2 3 4 5 6 7 8

A -1 1 0 0 0 0 0 0

B 1 0 -1 1 0 0 0 0

C 0 0 1 0 0 -1 -1 0

D 0 -1 0 0 1 0 0 0

E 0 0 0 -1 -1 1 0 1

F 0 0 0 0 0 0 1 -1



Introduction to graphs

39

Incidence matrix

e1

e2

e3

e4

e5

e6
e7

e8
A

B

D

E

C

F

1 2 3 4 5 6 7 8

A -1 1 0 0 0 0 0 0

B 1 0 -1 1 0 0 0 0

C 0 0 1 0 0 -1 -1 0

D 0 -1 0 0 1 0 0 0

E 0 0 0 -1 -1 1 0 1

F 0 0 0 0 0 0 1 -1



Introduction to graphs

40

Which data structure is "best"? It depends!

Adjacency list Adjacency matrix Incidence matrix

Space O (|V| + |E|) O (|V|2) O (|V| x |E|)

Add vertex O (1) O (|V|2) O (|V| x |E|)

Add edge O (1) O (1) O (|V| x |E|)

Adjacency query O (|V|) O (1) O (|V| x |E|)


